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Three-Dimensional Oscillatory Piecewise Continuous-Kernel
Function Method—Part II: Geometrically Continuous Wings

I. Lottati* and E. NissimT
Technion—Israel Institute of Technology, Haifa, Israel

The rapid convergence and high-accuracy characteristics of the three-dimensional piecewise continuous-kernel
function method (PCKFM) are tested in the present work. The large number of numerical examples which are
included herein is aimed at showing the computational efficiency of the method. Three-dimensional wings with
no geometrical discontinuities along their spans (discontinuities are permitted at the wing root only) are treated.
Problems associated with geometrical discontinuities (such as break points, control surfaces, etc.) are presented

in Part III of this work.

Introduction

HE basic ideas of the piecewise continuous-kernel

function method (PCKFM) have been outlined in Refs. 1
and 2 and shown to yield excellent results for the two-
dimensional case. The initial problems associated with the
extension of the method to three-dimensional flows was
treated in Ref. 3. These problems included the choice of the
spanwise pressure polynomials, the determination of the
spanwise collocation points, and the treatment of some
numerical integration techniques made necessary by the
method. In this paper, application is made of the ideas and
methods presented in Refs. 1-3 with the object of testing the
resulting accuracy and the computational efficiency of a
three-dimensional PCKFM. A large number of numerical
examples is presented in this work. All of the examples relate
to wings with no geometrical discontinuities along their spans
(discontinuities are permitted at wing root only). This class of
wings is referred to as single-box wings. Wings with
geometrical discontinuities are treated in a subsequent
paper.?

Comparison between Results Obtained by
Applying Different Methods on Single-Box Wings

In this section, the results obtained for single-box wings will
be compared with those obtained using other methods. The
objective of the comparison is to establish the validity of both
the conceptual and numerical methods introduced for the
simple case of single-box wings before embarking on complex
examples with multigeometrical singularities. All cases of
steady and unsteady flows with and without compressibility
effects will be considered.

In an attempt to obtain an indication on the relative
computational effort involved, a doublet-lattice program was
written, using the same kernel function routine as used in the
new PCKFM program. Since both programs were run on the
same computer (IBM 370/168), a comparison between the
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computer’s CPUs gives a clear indication regarding the
relative computational time involved by the two methods.

Examples Involving Steady Flows

Table 1 shows a comparison of the aerodynamic coef-
ficients computed by various methods for a circular wing
(with R=1.273 in a steady incompressible flow). It can be
seen that the convergence of the present method is extremely
rapid and that two orthogonal pressure polynomials in each
direction (i.e., chordwise and spanwise) seem to yield ex-
cellent results. Table 2 shows a similar comparison relating to
a rectangular wing with R =2 in steady incompressible flow.
Here again, the present method yields excellent results with
two pressure polynomials in each direction. The effectiveness
and the rapid convergence of the present method are once
again demonstrated. Table 3 shows similar results pertaining
to a delta wing with R=2. The convergence of the
aerodynamic coefficients for a rectangular wing with extreme
aspect ratios is demonstrated in Table 4. It can be seen that
the results relating to the wing with the R =10 are very close
to those obtained using Glauert’s lifting line theory, and the
results relating to the wing with R =0.1 are very close to those
obtained using the slender wing theory. Hence the validity of
the present method spans over a very wide range of aspect
ratios.

Examples Involving Unsteady Flows

Table 5 shows a comparison of aerodynamic coefficients
computed by the PCKFM, Hsu’s method® and experimental
results for a 45 deg swept untapered wing in both unsteady
incompressible and compressible flows. Tables 6 and 7 show a
comparison of the aerodynamic coefficients computed by the
present method and the doublet-lattice method for a COR-
NELL wing (see Fig. 1). In this case, each wing is considered
as a separate box with separate leading-edge, trailing-edge and
wing-tip singularities. The number of pressure polynomials in
the fore and aft wings is shown in the tables. As can be seen,
the convergence of the results obtained by the present method
is very rapid and the CPU time required is considerably less
than that required by the doublet-lattice method. Finally,
Table 8 shows a comparison of the aerodynamic coefficients
computed by various methods for a CORNELL wing in
unsteady compressible flow. These results supplement those
shown earlier and confirm the rapid convergence and high-
accuracy characteristics of the PCKFM.
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Table1 Comparison of aerodynamic coefficients computed by various methods

for a circular wing in steady incompressible flow

No. of pressure

Method of polynomials
computation Chordwise Spanwise Cy, Ve CPU, s
PCKFM 2 2 —-1.818 0.948 2.50
PCKFM 3 3 —1.800 0.931 5.12
Kinner (Ref. 7) - - —1.817 0.936 —
Schad & Krienes (Ref. 8) - - —1.798 0.932 -
Van Speigel (Ref. 9) - — -1.790 0.933 —
Watkins et al. (Ref. 6) - - -1.791 0.939 —
2The moment is about the mid & chord with reference chord=1and & chord =2.
Table2 Comparison of aerodynamic coefficients computed by various methods
for a rectangular wing in steady incompressible flow
No. of pressure
Method of polynomials
computation Chordwise Spanwise Crq Cir, CPU, s
PCKFM 2 2 -2.478 —1.048 2.38
PCKFM 3 3 —2.480 —1.037 4.82
Lan (Ref. 10) 8 15 -2.471 —1.035 -
VLM (Ref. 11) 6 20 —2.524 —1.067 -
NLR (Ref. 12) 4 15 -2.474 -1.036 -
NPL (Ref. 12) 4 15 —-2.475 -1.036 -
BAC (Ref. 12) 4 13 —2.474 —-1.036 —
Wagner (Ref. 13) - - —2.478 —-1.036 -
2The moment is about the wing’s leading edge with reference chord =1 and & chord = 2.
Table 3 Comparison of aerodynamic coefficients computed by various methods
for a delta wing (R =2) in steady incompressible flow
No. of pressure
Method of polynomials
computation Chordwise Spanwise CLa Cﬁ,,a CPU, s
PCKFM 2 2 —-2.291 —2.683 2.37
PCKFM 3 3 —-2.167 —-2.507 4.87
Lan (Ref. 10) 3 35 —-2.197 —-2.568 -
Lamar (Ref. 14) - - -2.239  -2.576 -
VLM, M=0.1 (Ref. 11) 6 20 -2.204 —-2.593 —
Wagner (Ref. 13) - - —-2.216 —-2.595 -
Experiment (Ref. 14) - — -2.119 —-2.531 -
3 The moment is about wing’s apex with reference chord =1 and & chord =2.
Table4 Effect on aerodynamic coefficients of varying the aspect ratio of a
rectangular wing in steady incompressible flow
No. of pressure
Method of polynomials
computation Chordwise Spanwise CLa C?wa CPU, s
Rectangular wing R =10
PCKFM 3 3 —4.925 —2.388 4.39
PCKFM 3 4 -4.922 —2.386 5.80
PCKFM 3 5 —-4.923 —2.381 7.43
Lifting line - - - — _
Glauret (Ref. 15) - - —5.040 -2.520 -
Rectangular wing R =0.1
PCKFM 3 3 —0.158 -0.015 -
PCKFM 4 3 -0.157 -0.010 -
PCKFM 5 3 -0.157 —0.009 -
Wing with low - - — - —
AR (Ref. 16) - - -0.157 —0.000 -

2The moment is about wing’s leading edge with reference chord =1 and & chord=2.
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Table5 Comparison of aerodynamic coefficients computed by PCKFM and Hsu’s method and experimental results
for a swept untapered wing in unsteady flow (k =0.4)

No. of pressure

Method of polynomials

computation Chordwise Spanwise Cry (deg) Czawu, (deg) Cry (deg) Sy (deg) CPU, s
Incompressible flow (M =0)

PCKFM 2 2 2.421 (- 147) 0.749 (- 109) 0.879 (—76) 0.181 (—-51) 4.35

PCKFM 3 3 2.457 (- 146) 0.757 (—108) 0.877 (—75) 0.182 (—50) 9.92

Hsu (Ref. 5) - - 2.644 (—143) 0.785 (—103) 0.927 (- 175) 0.171 (—48) -

Experiment (Ref. 17) - - 2.300(—152) 0.680 (—126) 1.000 (—76) 0.320(-72) -
Compressible flow (M =0.8)

PCKFM 2 2 2.892 (- 155) 0.996 (—111) 1.025(-82) 0.241 (—49) 6.15

PCKFM 3 3 2.938 (—154) 1.031(-110) 1.025 (- 81) 0.250 (—47) 14.52

Hsu (Ref. 5) - - 3.078 (—152) 0.961 (—107) 1.069 (—81) 0.226 (—45) -

2The moment is about mid & with reference chord = 2 and & chord = 2. The wing oscillates about 70% of & chord (measured from wing apex). The reduced
frequency k is based on the reference semichord.

Table6 Comparison of aerodynamic coefficients computed by PCKFM and doublet-lattice method for a CORNELL
wing in unsteady ¢ (k =2.623) incompressible flow (M= 0)

PCKFM Doublet-lattice method
No. of pressure
polynomials? No. of boxes
Chordwise Spanwise CLa (deg) CbMa (deg) CPU,s Chordwise Spanwise Cr, (deg) C‘,{,,a (deg) CPU,s
2 2 6.0624 (—89.06) 4.1699(-75.37) 13.93 5 12 6.2182(—86.92) 4.2832(—74.09)  200.83
3 3 6.2278 (~88.41) 4.2565(~74.70)  35.84 6 12 6.2687 (—87.19) 4.3215(-74.21) 293.12
3 4 6.2508 (—88.33) 4.2758 (—74.63) 47.6 7 12 6.3004 (—87.36) 4.3452(—74.30) 404.41
3 5 6.2521 (—88.28) 4.2774(—74.61) 62.02 8 12 6.3208 (—87.46) 4.3602 (—74.35) 534.94
4 3 6.2157 (—88.48) 4.2476 (—74.78) 54.29 8 8 6.4285(—87.37) 4.4442(—74.43) 248.91
5 3 6.2122 (—-88.52) 4.2435(-74.77) 77.87 - - - ~ -~ - -
Cry Cvy Cry Cumy

2 2 7.8472(-49.79) 4.3768 (—36.28) = 5 12 7.8758 (—48.28) 4.4409 (—35.61) -
3 3 7.9127 (—49.13) 4.4208 (—35.58) - 6 12 7.9371(—48.46) 4.4799 (—35.66) -
3 4 7.9313(—49.02) 4.4402 (—35.46) . 7 12 7.9754 (—48.56) 4.5041 (—35.70) -
3 5 7.9299 (—-49.00) 4.4419(—35.44) - 8 12 8.0001 (—48.64) 4.5195(—35.72) -
4 3 7.9012 (—49.20) 4.4135(-35.66) - 8 8 8.1219(—48.70) 4.6028 (—35.98) -
5 3 7.9000 (—49.21)  4.4095 (- 35.67) - - - - - - - -

3 Number of pressure polynomials is identical for the two lifting surfaces (for both the present method and the doublet-lattice method). bThe wing oscillates about

the mid & chord of the forward lifting surface, as is the computed moment (reference chord = 1), °The reduced frequency k= w/v with & chord =0.45748.

Table 7 Comparison of aerodynamic coefficients computed by the PCKFM and the doublet-lattice method for a CORNELL
wing in unsteady® (k =2.623) incompressible flow (M =0.7)

PCKFM Doublet-lattice method
No. of pressure
polynomials? No. of boxes
Chordwise Spanwise CLO, (deg) CR,,Q (deg) CPU,s . Chordwise Spanwise Cry (deg) CR,,Q (deg) CPU;,s
2 2 6.4386 (—103.25) 4.6870 (—88.32) 18.99 S 12 6.5717 (—100.63) 4.7884 (—86.55)  201.05
3 3 6.6310 (—101.99) 4.8078 (—87.98) 48.58 6 12 6.6208 (—101.07) 4.8333(—86.85)  293.21
3 4 6.6694 (—102.88) 4.8437 (—87.90) 64.95 7 12 6.6524 (—101.34) 4.8617(—87.03)  406.07
3 S 6.6602 (—102.98) 4.8404 (—88.05) 93.41 8 12 6.6742(—101.51) 4.8808 (—87.16)  534.37
4 3 6.6112 (—103.06) 4.7923 (—88.07) 74.49 8 8 6.7664 (—101.40) 4.9575(—-87.23)  248.56
5 3 6.6029 (—103.05) 4.7841(—88.05) 106.04 - - - - - - -
CLH CMH CLH CMH

2 2 8.6539(—61.81) 5.1124 (—48.48) - 5 12 8.6333(—59.96) 5.1482(—47.38) -
3 3 8.7536 (—61.43)  5.1900 (—47.96) - 6 12 8.7007 (—60.26) 5.1984 (—47.57) -
3 4 8.7881 (—61.29) 5.2245(—47.81) - 7 12 8.7437 (—60.34)  5.2299(—47.68) -
3 5 8.7768 (—61.42) 5.2233(—47.98) - 8 12 8.7733 (—60.56) 5.2513(—47.76) -
4 3 8.7312(—-61.51) 5.1747(—-48.05) - 8 8 8.8806 (—60.65)  5.3294 (—48.08) -
5 3 8.7236 (—61.50) 5.1677 (—48.04) - - - - - - - -

2 Number of pressure polynomials is identical for the two lifting surfaces (for both the present method and the doublet-lattice method). 5 The wing oscillates about

the mid & chord of the forward lifting surface, as is the computed moment (reference chord = 1). The reduced frequency k= w/v with & chord =0.45748.
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Table8 Comparison of aerodynamic coefficient§ computed by various methods for a CORNELL wing in unsteady ¢ compressible flow
No. of pressure
Method of polynomials?
computation Chordwise  Spanwise C,, (deg) CY, (deg) Cpy (deg) Chyyy (deg) CPU, s
k=1,M=0.7
PCKFM 2 2 3.0042 (—125.02) 1.8094 (—90.70) 2.1606 (—73.87) 0.9673 (— 24.66) 20.10
PCKFM 3 3 3.0298 (—124.04) 1.8157 (—89.68) 2.1576 (—73.26) 0.9666 (—23.82) 50.75
Stark (Ref. 18) - - 3.1405 (—115.10) 1.8640 (—87.17) 2.2175 (- 50.68) 0.9860 (—20.65) -
Doublet-lattice 8 12 3.1124 (- 117.28) 1.8743 (—89.96) 2.2167 (—53.08) 1.0012 (- 24.70) 534.35
k=2,M=0.7
PCKFM 2 3 5.1444 (—101.59) 3.6201 (—78.06) 5.8515 (—48.46) 3.3097 (—28.80) - 27.64
PCKFM 3 3 5.2745 (- 100.75) 3.6941 (—78.90) 5.8969 (—47.85) 3.3462 (—28.02) 74.27
Stark (Ref. 18) - - 5.5137 (- 96.74) 3.8322(-77.78) 6.0893 (—43.78) 3.4470 (—24.26) —
Doublet-lattice 8 12 5.3476 (— 99.46) 3.7720 (- 79.39) 5.9665 (—-47.17) 3.4130(—28.17) 534.73
k=2.623, M=0.7

PCKFM 2 3 6.4386 (—103.25) 4.6870 (—88.32) 8.6539 (—61.81) 5.1124 (—48.48) 31.65
PCKFM 2 3 6.6310 (—102.99) 4.8078 (—87.98) 8.7536 (— 61.43) 5.1900 (—~47.96) 80.97
Stark (Ref. 18) - - 6.9551 (— 99.40) 5.0174 (—85.08) 9.0305 (— 57.56) 5.3593 (—44.60) -
Doublet-lattice 8 12 6.6742 (—101.51) 4.8808 (—87.16) 8.7733 (—60.56) 5.2513(—47.26) 534.37

2Number of pressure polynomials is identical for the two lifting surfaces (for both the present method and the doublet-lattice method). bThe wing oscillates about

the mid & chord of the forward lifting surface, as is the computed moment (reference chord =1). ©The reduced frequency k=w/v and & chord =0.45748.
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Fig.1 Plan view of CORNELL wing.

Conclusion

The present method is tested in this paper for single-box
wings (i.e., geometrical singularities may be located only at
the wing root). Many results are computed which confirm the
high accuracy of the method, its rapid convergence, and its
considerable reduction in computational time.

Additional results relating to wings with multigeometrical
singularities along their span (as for example, in wings with
break points and control surface deflections) are presented in
a subsequent paper.
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